Utilizing ideas from dynamical system theory to find invariant material manifolds, the structure of mixing behavior in vortex formation and shedding in two dimensional low Reynolds number flow is investigated. The test case is a low Reynolds number flow over an Eppler 387 airfoil at 6
I. Introduction
Micro Aerial Vehicles (MAVs) have recently become a topic of significant effort among the aerospace community. The unique challenges and opportunities that MAV research offers has resulted in increased interest in topics such as flexible wing, flapping wing, and low Reynolds number aerodynamics. This paper specifically targets the behavior of low Reynolds number separation behavior for applications to MAVs. There exists a multitude of previous work regarding the behavior and properties of separation. Beginning with Hornton in 1968 1 who introduced the now well known time averaged laminar separation bubble schematics shown in Figure 1 . Continuing work in the field focused on behavior behind a backward facing step, 2, 3 pressure induced separation, 4 and separation behind airfoils. [5] [6] [7] These studies utilized velocity fields (both numerical and experimental), vorticity contours, and streamlines to observe the behavior of vortex shedding. The observations made detail of the structure of the separation profile, vortex pairing, and vortex shedding, and their effect upon the airfoil performance. The discussion regarding the reattachment behavior is limited to time averaged results and the reattachment point behavior. What remains unclear from these results is the structure of reattachment, and its behavior in real time. In laminar separation bubbles, it is critical for drag reduction that the separation bubble be reduced. This is achieved through various methods aimed at moving the reattachment point. The goal of the present study is to provide insight into how the reattachment profile behaves by utilizing the invariant material manifolds. 
II. Material Manifolds
The laminar separation bubble is defined by the dividing streamline shown in Figure 1 . This streamline is derived from finding the point in each velocity profile where the integrated mass flow rate is zero.
5 Thus in a time averaged view, the material flux across the profile is zero. For low Reynolds number flow over an airfoil at α=4
• , the time averaged velocity field and streamlines are shown in Figure 2 from our numerical simulations. This provides us with some information regarding the flow, but this analysis tool has been available for decades. Investigating what the behavior of this bubble in real time on the other hand has proved difficult in part due to the complications involved in identifying the reattachment lines. Traditional tools such as the vorticity, Figure 3 can be used, but they do not have the inherent zero mass flux property that we desire. Instantaneous streamlines are somewhat better, but show little more structure than what can be found using vorticity. However, there are invariant material manifolds. Invariant material manifolds detail the structure of fluid mixing, existing as boundaries to mixing which organize the flow. These manifolds may be either repelling material manifolds, or attracting material manifolds. In either case, the flux across their boundaries are negligible, and this is the property we require to visualize the separation bubble in real time.
The Repelling material lines, also known as stable manifolds, are responsible for the stretching of passive tracer groups normal to the manifold. 9 Attracting material lines, also known as unstable manifolds are responsible for the stretching of tracer groups tangent to the manifold. When an unstable manifold is attached to a wall, fluid particles are gathered from the near wall region and ejected along the manifold path. Thus, unstable manifolds connecting to a wall represent the separation profile of the flow. The reverse is true for stable manifolds attaching to a wall, their profile represents the reattachment line. • , Re=60,000, Eppler 387 airfoil. • , Re=60,000, Eppler 387 airfoil. research objective is to locate and analyze the invariant material manifolds, and thus LCS theory is a useful tool for our analysis. In practical applications, LCS are defined as ridges of finite time Lyapunov exponent (FTLE) fields. 11 These ridges represent the material lines or manifolds in the flow which are characterized by very low flux across the profile. The material lines are unique and time dependent, and due to their dynamic motion, they are largely responsible for fluid particle mixing. An overall explanation of the theory and calculation of LCS please see Shadden et al.
III. Lagrangian Coherent Structures
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Calculation of LCS. Lagrangian Coherent Structures are the representation of ridges in the FTLE field. The exact procedure for calculating LCS has been covered in previous work, 11, 12 thus a detailed derivation is avoided here. A new software is developed in our group in order to calculate the cartesian FTLE scalar map from data output from a two-dimensional Naiver-Stokes flow solver on an unstructured mesh in our group. This new software was created with the intent of streamlining and improving FTLE calculations from parallel processing flow solvers on unstructured meshes. The program was verified using the the software ManGen, developed by Chad Coulliette and Francois Lekien.
The Numerical solution of the flow was computed using the ARGO code, and simulating flow around a two-dimensional Eppler 387 airfoil. 8 The Reynolds number was set to 60,000, and simulations were run for α=0
• , 2
• , 4
• , and 6
• . The LCS manifolds were calculated with a spatial resolution of 0.0012 chord length. The integration time was set to 0.05 seconds.
IV. Manifold behavior on airfoil
Unstable Manifolds. Previously we discussed how LCS are material manifolds that collect and divide the flow field into different regions of mixing behavior. Recall that the unstable manifolds are characterized by their tendency to collect particles along their tangential direction. Thus we can think of the unstable LCS lines as what would be found using a very careful application of dye visualization. Stable manifolds on the other hand, tend to shed particles away from their surface, and thus can not be compared to any experimental techniques. The behavior of unstable LCS manifolds on the surface of the Eppler 387 airfoil at 4 degree angle of attack has been previously covered in detail by Cardwell et al.
12 Figure 4 shows the • same flow conditions as was presented in the earlier paper using our new Lagrangian flow analysis software to calculate the LCS manifolds. An advantage of the new program for our application are that it was built to work with our flow solver, and thus much of the preprocessing previously needed is eliminated. As an added benefit of this, the new program has access to the velocity solution across the entire domain, which eliminates certain boundary condition problems experienced with ManGen. Finally, because the velocity field used in this study is calculated on an unstructured mesh that has elements concentrated in the regions of large flow gradients, the velocity values used in the current program are more accurate. Now that we have verified the results of the new software tools, we wish to investigate how the unstable manifold behavior changes at different angles of attack. For this study we have chosen to present the behavior at 2, 4, and 6 degree angle of attack. Figure 5 shows the comparison of these 3 angle of attack for a typical point in their vortex shedding cycle. Notice that the structures are roughly the same in all three cases. As expected, the location of separated region moves downstream in lower angle of attack flow, and begins farther upstream as the α is increased. A closer inspection of the manifolds shows another trend. The secondary induced vortex, which we will shortly label as V5, appears to be more energetic as the angle of attack increases.
The rest of this paper will focus on the 6 degree angle of attack for several reasons. First, we have not presented the progression of unstable LCS at α = 6 degree previously. Secondly, the 6 degree angle of attack simulation most clearly shows the phenomena of vortex pairing. Figure 6 shows the time evolution • , Re=60,000 Figure 6 : Contour plots of backward time FTLE over airfoil representing the unstable manifolds, α=6
• , Re=60,000
Figure 6: Contour plots of backward time FTLE over airfoil representing the unstable manifolds, α=6
• , Re=60,000 of the unstable LCS manifolds at α = 6
• . Notice how many of the structures are familiar from vorticity and streamline plots. In this case, the advantages of LCS are found in the details it provides that are not found in other traditional flow maps. Of particular interest is the detail shown in the vortex pairing process. Using traditional flow maps, the individual vortices become indistinguishable from each other once they are paired. Using LCS, we can track the remnants of the individual vortices for a much longer time. Figure 6 shows the unstable manifold representation of vortex pairing, note the vortices marked V1-V4 form the large vortex eventually shed from the trailing edge. Beginning in Figure 6a , we track the formation and movement of the four distinct vortices that form the large scale vortex. We track the behavior of two formations of each vortex, so as to show how the pairing occurs, and how we can track the remnants of the vortex cores even after the large scale vortex is fully formed. Even though there is extensive deformation of the individual vortex structures throughout formation, using LCS we can track the remnants of each individual vortex until it nears the trailing edge at which point the manifolds begin to lose their definition as seen in Figure 6l . As the vortex leaves the trailing edge, two more vortices are picked up, V5 and V6, Figure 6d . Vortex V5 is the secondary induced vortex from the airfoil surface, and V6 is the counter rotating tip vortex. V6 gets paired with the shed vortex and together they move downstream as a pair. Vortex V5 is picked up as the vortices from the top surface approach the trailing edge, and gets rolled around the top boundary of the vortex pair to finally be ejected as shown in figure 6h. The rest of the behavior for the Unstable LCS at six degree angle of attack is consistent with the behavior examined previously 12 at α=4 degrees.
Stable LCS. Recall that the Unstable LCS are attracting material lines, and as such tend to accumulate particles along the manifold surface. Stable LCS on the other hand are repelling material lines, and as such particles near their surface will have a tendency to move away as time progresses. Though the behavior of nearby particles may be different, both stable and unstable manifolds posses the property of near zero net flux across their boundaries. 11 Previous focus on unstable manifolds was motivated by their representation of separation profiles and how such information could aid flow control theory. Just as important to flow control theory is reattachment behavior, which we can represent using stable manifolds. Thus, we have calculated the stable manifolds for the same flow conditions. Figure 7 shows the time evolution of the stable LCS over the airfoil. Notice that while we can identify the large scale structures, most of the manifolds in this view seems to be hidden from vorticity and streamline analysis. The reason is that in calculating the stable manifolds, we have utilized our future knowledge of how the flow field will behave. If we focus on the reattachment behavior we see that there is a clear reattachment point found at location L1 in Figure 7a . The diverging manifold lines near the surface of the airfoil positively identify this as a reattachment point. The actual manifold attaching to this reattachment point, labeled S4 has some very intriguing features. First • , Re=60,000 of all, it is not the dominant feature of the flow as might be expected. While it clearly displays the ridge qualities that define it as an invariant manifold, the FTLE values are lower than expected away from the airfoil surface. This indicates that while it is the reattachment profile, fluid particles on either side of the manifold do not move away as quickly as they do in other areas of the flow domain. Examining the time evolution, we can see why this is true. The reattachment point experiences a shedding type of behavior.
As the reattachment manifold S4 seems to be disappearing, manifold S3 is transforming its shape rapidly. This behavior coincides with the fourth paired vortex joining the soon to be shed large vortex structure. Once the fourth vortex joins the other three, the vortex formation is complete and it moves downstream. The reattachment point moves with the vortex, losing strength as it goes until it loses its reattachment form completely, Figure 7e . While this is happening, S3 has continued its transformation and now is connected to a point on the airfoil that has the form consistent with reattachment. The profile of the reattachment manifold is perhaps unexpected at this point, however if we look forward a few moments, we see this manifold has again shifted, and now resembles the profile of reattachment found in time averaged views of the separation bubble. There are two additional structures that are very interesting. Manifolds S5 and S6 appear as weak, but distinct ridges above and below the airfoil in figure 7a. These manifolds enter the flow at about the same time, and are shaped as closed bubbles. If we move forward in the shedding cycle, Figure 7f shows that manifold S5 has been pulled around the shedding vortex. continuing forward, we see manifold S5 and S6 leave the trailing edge together, merge creating manifold S7 and rotate. This occurs at the exact time the roll up vortex appears in the unstable LCS manifolds. The implication is that the fluid particles contained inside the manifold bubbles S5 and S6 are the same fluid particles which will eventually make up the rolled up vortex. This is a surprising result in two ways. First, it reveals structure to the flow underneath the airfoil. If we consider this from a flow control point of view, it suggests that perhaps utilizing flow control on the lower surface and targeting this manifold could effect changes in the vortex shedding structure. Secondly, it shows that the flow which eventually forms the rolled up vortex exists as two distinct and intact groups well ahead of the point where the roll up occurs. In fact, manifold S5 first appears upstream of the leading edge, while manifold S6 forms just downstream of the stagnation point.
Together the stable and unstable manifolds are known to define regions of distinct particle mixing. Thus, for a complete LCS picture we need to combine their information to learn how they interact. Combining the stable and unstable manifolds will reveal, exact vortex boundaries, locations where entrainment is possible, and the time dependent profile of the separation bubble. Figure 8 shows the time evolution of the two manifolds. In this case, we have plotted the more familiar structure of the unstable manifolds as a contour map of the FTLE values, and then overlaid a clipped contour map of the Stable LCS and colored these • , Re=60,000 black. The result is a complete map of the manifolds involved in vortex shedding. Examining the figure, notice that the manifolds often meet, and sometimes overlap. This is an expected result showing just as Shadden et al. 13 did with a vortex, that flow boundaries are a combination of stable and unstable manifolds. Notice that the shedding vortex in figure 8a largely defined by the unstable manifolds, is closed by the stable manifold. Similarly, the recently shed vortex pairing initially has a rather unusual shape formed by the intersections of stable and unstable manifolds, Figure 8j . As time progresses, this shed vortex pair rolls around, and by the time it is leaving the viewing domain, it has transformed into an oval shape, Figure 8d . The most interesting and complicated behavior occurs inside the separation bubble. This behavior is more clearly shown in Figure 9 where the domain has been restricted. In this Figure, the impact of manifold S3 is revealed. Beginning during vortex formation, the S3 manifold isolates the formation region from all flow but the inlet, where the new vortices will draw their strength from. As time evolves, we begin to see manifold S2 take a more defined shape, just as S4 is eroding. Shortly, the manifold previously labeled S3 has begun to lose some of its defining shape, while the S2 manifold begins to aquire these same shapes. This is the evolution of manifolds in action, while we can affix labels to them in a instant of time, they will evolve and soon no longer contain any of the defining features that once distinguished them from other manifolds. As this is occurring, the behavior of S2 is interesting. S2 develops a "hitch" in its structure at point L2 in Figure  9f . This "hitch" has developed as a result of the vortex pairing process. S2 is now a dividing line between the paired vortices. This occurs so early in the pairing process, that is is likely these two paired vortices do not exchange any material before they are separated again. As shown in figure 9k, only one of the paired vortices will eventually be entrained into the downstream vortex, the other vortex having been separated from its pair much earlier by the "hitch" that developed in S2. Perhaps one of the most interesting insights that the pairing of stable and unstable manifolds gives us is a defined boundary for the separation bubble which we can watch evolve and change during a shedding cycle. Though it may be difficult to interpret in some places, the region bounded by the stable and unstable LCS manifolds around where vortex formation occurs is the separation bubble. The appearance that this bubble may have openings in it is expected. The traditional definition of a separation bubble as having zero mass flux is based on a time averaged view. In this case we are watching the separated region deform in real time, there is zero flux across the manifolds shown, so the opening near the initial instability in the separated shear layer acts as the flow inlet, and the cyclic behavior of the decaying reattachment manifold is the outflow.
In our final section, we examine the stable manifolds upstream of the airfoil. The properties of the stable manifold suggest that we should expect to see a prominent manifold originating at the stagnation point and extending upstream. Indeed this was found, as shown in figure 10 . This stable manifold, labeled S1, defines • , Re=60,000 the division between which fluid particles will travel over the top surface of the airfoil, and which will flow underneath. The S1 manifold turns out to be very stable for this flow, as neither the stagnation point nor the manifold profile move an appreciable amount. One manifold that is unsteady is the upstream end of S2. This manifold oscillates and deforms as it moves downstream towards the separation bubble. These two stable manifolds extending upstream of the airfoil suggest there are at least three distinct grouping of fluid particles that we can identify before the flow even reaches the airfoil. The behavior of two of these groups is clear, as they both move over the airfoil with relatively small disturbances. The flow bounded on top by S2, and on bottom by S1 is the unknown, and investigations of how to categorize this flow are ongoing.
V. Conclusions
Utilizing the Finite Time Lyapunov Exponent (FTLE) theory we have calculated the invariant manifolds that exist in low Reynolds number vortex shedding over a two-dimensional airfoil. The behavior found utilizing the unstable manifolds was analogous to what might be found in a ideal implementation of a dye visualization experiment. This structure was consistent with what is predicted by other methods of visualization, but the unstable manifolds provide greater details. Behavior of the stable manifolds was also examined. In contrast to unstable manifolds, Stable manifolds attaching to a wall represent the reattachment line. Utilizing this, we show how the reattachment profile evolves in time. Furthermore, it is shown that the reattachment manifold, and thus the reattachment point behaves in shedding manner. Two particularly surprising manifold structures were found, showing that the fluid particles which eventually form the roll up vortex are comprised of two distinct bubbles of fluid that exist as far upstream as the leading edge of the airfoil; one travels above the airfoil and one below the airfoil. Finally, the behavior of stable and unstable manifolds were examined together. Pairing these two manifolds structures together gives a complete view of the manifold behavior during vortex shedding. From this, it was shown that we could determine the time dependent behavior of the separation bubble. Also identified were the exact definition of vortex structures, how early vortex pairs are divided, and the evolution of shed vortex pairs.
